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The  b o u n d a r y  r e g i o n  of  a t u r b u l e n t  b o u n d a r y  l a y e r  c o n t r i b u t e s  g r e a t l y  to the  d r a g .  I n t e nse  
t u r b u l e n c e  is  g e n e r a t e d  in  th i s  r e g i o n .  Be low we i n v e s t i g a t e  the  i n t e r a c t i o n  of an e l a s t i c  
b o u n d a r y  wi th  a v i s c o u s  s u b l a y e r  fo r  a d e c r e a s e  in the  Reyno lds  s t r e s s e s ,  and for  a c o r -  
r e s p o n d i n g  d e c r e a s e  in  the  d r a g .  I t  does  not  s e e m  p o s s i b l e  to i n v e s t i g a t e  the g e n e r a l  c a s e .  
T h e r e f o r e ,  the  p r o b l e m  i s  s o l v e d  wi th in  the  f r a m e w o r k  of the  l i m i t a t i o n s  m a d e  by S t e r n -  
b e r g  [1] for  t he  t h e o r y  of a v i s c o u s  s u b l a y e r  in  a t u r b u l e n t  f low n e a r  a so l id  s m o o t h  w a l l .  

We c o n s i d e r  the  s y s t e m  c o n s i s t i n g  of the  t h r e e  equa t ions  of m o t i o n  and the equa t ion  of con t inu i ty  
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H e r e  p i s  the  p u l s e d  p r e s s u r e ;  p is  the k i n e m a t i c  c o e f f i c i e n t  of v i s c o s i t y ;  p i s  the  f lu id  d e n s i t y ;  and 
u ,v ,  and w a r e  the  c o m p o n e n t s  of the  p u l s e d  v e l o c i t y  in  the  d i r e c t i o n  of the  c o o r d i n a t e  a x e s .  

We a s s u m e  tha t  i t  i s  p o s s i b l e  to expand  the  p u l s a t i o n s  in a F o u r i e r  s e r i e s  and c a r r y  out o p e r a t i o n s  
on the s e p a r a t e  t e r m s .  

The v a r i a t i o n  in  v e l o c i t y  p u l s a t i o n s  a c r o s s  the  s u b l a y e r  (along y) i s  m o s t  s i g n i f i c a n t  in c o m p a r i s o n  
wi th  t h e i r  v a r i a t i o n  a long the  f low (along x) o r  in the  z d i r e c t i o n ;  t h e r e f o r e ,  the  l a t t e r  two a r e  not  c o n s i d e r e d .  
We s e e k  a so lu t i on  in the  s u b l a y e r  in the  f o r m  

u = Be {h (g) exp [~ (kxx 4- k~z - -  ~t)]} 

v : Re {g (g) exp [i (k~x ~ -kzz  - -  ~t)]} (2) 

w = Re {k (g) exp [i (k~x 4z k~z - -  ~t)]} 

H e r e  h(y) ,  g(y),  and k(y) a r e  the  unknown c o m p l e x  func t ions ,  fi i s  the  a n g u l a r  f r e que nc y ,  and k x i s  a 
wave  n u m b e r  such  tha t  the  v e l o c i t y  of p e r t u r b a t i o n  t r a n s l a t i o n  in the f low d i r e c t i o n  i s  

The p u l s e d  p r e s s u r e  i s  

(3) 

p = Re {paexp [i (kxx -~kzz  - -  ~t)]} (4) 

H e r e  p~ i s  a l so  a c o m p l e x  q~ant i ty .  

The  b o u n d a r y  cond i t i ons  a r e  w r i t t e n  as  fo l l ows .  The  s t i c k i n g  cond i t ion  fo r  the  f lu id  m u s t  be s a t i s f i e d  
at  the  wa l l ,  i . e . ,  

u = w = 0 (5) 
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The wall is deformable;  therefore ,  f rom the nonflow condition we obtain 

v =  R e { ~ e x p [ z ( k ~ x  + k z z - - ~ t  +O)]} (6) 

Here P0 is the amplitude of the pulsed p ressure  at the wall, and C d is the dynamic rigidity of the 
elastic boundary [2]. For  C d ~ we obtain v = 0, i.e., the boundary condition for a rigid boundary; 0 is the 
angle of phase shift between the p ressu re  and the displacement of the boundary, which is one of the funda- 
mental pa ramete r s  in the theory of oscillations [2]. 

For  a passive coating, we have 0 -< 0 -< 180 ~ The phase-shif t  angle is a function of the f requency/3.  

At the outer boundary of the sublayer  we assume the pulsations in velocity u and w to be known 

u = Re {C~e exp [i (kxx + k~z --  [~t)]} 
w = Re {Ba, exp [i (kxx + kzz - -  ~t)]} (7) 

The problem is solved under the assumption that 0p/Oy = 0 in the sublayer .  Fur thermore ,  we as -  
sume w ~ u, where the proportionali ty coefficient is constant in the sublayer,  in principle,  different for each 
harmonic  and assumed known. Following the scheme of Sternberg [1] 

w = utgb, Lx --- ~ztgff (8) 

where ~ is the angle of skewedness of the pulsations. In this case the second boundary condition (7) is r e -  
placed by the relat ion 

tgff = Ba~/Cae 

In order  to solve the formulated problem, it is sufficient to take into account the assumptions made 
about the written boundary conditions. In practice,  it is neces sa ry  to solve only two of the four equations 
of (1) - the f i rs t  and the last .  The third equation is s imi lar  to the f i rs t .  

The express ion for the longitudinal pulsation of the velocity u, obtained by integration of the f i rs t  of 
equations (1) with account of the two boundary conditions from (5) and (7), is s imi la r  to the equation from [1]. 
The square of the roo t -mean-square  pulsation (u2 e ) is calculated as the real  part  of half the product of the 
amplitude h and the complex-conjugate quantity h 

/ 13 \'/~ <u~% _ l _ 2 e  -~cosrl+e-~,  r l = ~ - )  y (9) ~1~ Ce ~ 

Here ~ is the dimensionless ordinate.  

This solution differs f rom the Sternberg solution by only a constant.  The magnitude of C e should be 
determined experimental ly or  theoret ical ly  f rom the interaction of the elast ic boundary with the turbulent 
core .  For  example, can use an approximate energy formulation to determine C e. In this ease, when ab-  
sorption by the wall of energy of pulsations f rom the core is minimal, C e ~ C, where C is constant for the 
outer boundary of the sublayer near a solid wall [1]. 

F rom the last  of equations (D, taking account of the boundary condition (6), we determine the t r a n s -  
verse  velocity pulsation 

Ca,k~(l§ . i - - ,  , i , , ~ + ~ 4  - Ca, Cait+tg2~)] (10) ~ l  - -  - " 5 - "  e, - ,  " ipoe~O g ~  (t3/2~)'/~ ] 
g" = (1312'v)'/' 

The written value of the amplitude of the t r ansver se  pulse velocity can be represented as the sum of 
two components 

ge = g -~ gl  (gl = ipoeiO~]Cd) (11) 

The quantity gl charac te r i zes  the action of the elast ic boundary on the t r ansve r se  velocity pulsation, 
which proves to be constant in the sublayer .  The component g depends on the elastic proper t ies  of the wall, 
and is expressed only in t e rms  of the coefficient C~ e- With increasing rigidity of the boundary, i.e., for 
C d - ~ , w e h a v e g l -  0. 
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We c a n  now c a l c u l a t e  the  c h a n g e  i n  R e y n o l d s  s t r e s s e s  i n  the  s u b -  
l a y e r  as  a r e s u l t  of  the  a c t i o n  of the  e l a s t i c  b o u n d a r y .  The  R e y n o l d s  

s t r e s s  i s  c a l c u l a t e d  fo r  e a c h  i n d i v i d u a l  c o m p o n e n t  of the  p u l s a t i o n  
h a r m o n i c ,  and i s  d e t e r m i n e d  by  the  c o r r e l a t i o n  ( u v ) e :  

<uv>e = 1/2 Re {ge (v) h (y)} 

H e r e  the  o v e r b a r  d e n o t e s  a c o n j u g a t e  q u a n t i t y .  To  c a l c u l a t e  gl 
we m u s t  know the  p u l s e d  p r e s s u r e a t  t he  e l a s t i c  b o u n d a r y .  

In  the  s u b l a y e r  we have  0 p / O y  = 0; t h e r e f o r e ,  the  p r e s s u r e  c a n  
be  d e t e r m i n e d  at  i t s  o u t e r  b o u n d a r y  fo r  ~?l �9 

T o  c a l c u l a t e  p we u s e  Eq.  (13) of  [1], wh i ch  a l r e a d y  t a k e s  in to  
a c c o u n t  the  c o n v e c t i v e  t e r m s .  F o r  ,? = Vl ' we h a v e  

P = P U ~ R e { u l ( i - - ~ ) +  ~ \du2,, (12) 

w h e r e  U l i s  t he  known  v e l o c i t y  of the  m e a n  f low,  and  u/  and  v l a r e  the  
p u l s e d  v e l o c i t i e s  f o r  ~?/. 

We  a s s u m e  t h a t  i t  i s  p o s s i b l e  to  c a l c u l a t e  (UV}e n e g l e c t i n g  the  
c h a n g e  i n  p w i t h  c h a n g e  in  v b e c a u s e  of the  a c t i o n  of the  e l a s t i c  b o u n d -  
a r y .  

In  t h i s  c a s e  the  R e y n o l d s  s t r e s s  i n  the  s u b l a y e r  a r o u n d  i t  i s  
w r i t t e n  as  fo l l ows :  

p<--uv>~= ~ ( t  + t g ~ , (  ~---~)V~ - 

U~ ~ d (Uz/ff~) Kv 2pU'~ (~12~)'/~ ( t  Uz (13) 
c~ (i + tg ~ ~) 

H e r e  

K~ (~1, 0) = - -  sin 0 + e - 'z sin (Tll + 0) + e-~ sin (0 - -  ~1) 

:Fig, 2 - -  e-('z+*)sin (~ll + O - -  ~1) (14) 

Kv UI, 0) = - -  sin 0 + e -~l s in (~1 z + 0) - -  cos 0 + e-~Z cos (~ll + 0) + 2~1l sin 0 + 

+ r sin (0 - -  ~l) + e-~ cos (0 - -  ~1) - -  2~lle -~ sin (0 - -  ~1) - -  

- -  e -(*z+~) sin (~]t + 0 - -  1]) - -  e -(~z+*) cos (~]l + 0 - -  ~/) (15) 

In  Eq .  (13) the  t e r m  i n  s q u a r e  b r a c k e t s  d e t e r m i n e s  the  R e y n o l d s  s t r e s s  n e a r  the  s o l i d  b o u n d a r y .  The  
a d d i t i o n a l  t e r m s  o b t a i n e d  b y  t a k i n g  a c c o u n t  of the  e l a s t i c  p r o p e r t i e s  of the  b o u n d a r y  c a n  g ive  bo th  p o s i t i v e  
o r  n e g a t i v e  c o n t r i b u t i o n s  to the  t u r b u l e n t  f r i c t i o n ,  d e p e n d i n g  on  t h e s e  p r o p e r t i e s .  I t  i s  e x p e r i m e n t a l l y  d e -  
t e r m i n e d  t h a t  the  v e l o c i t y  of  t r a n s p o r t  of t u r b u l e n c e  U w ~ 0 . 8 ! ~ .  T h u s ,  f o r  a v e r y  b r o a d  b a n d  of f r e q u e n -  
c i e s  p r a c t i c a l l y  fo r  the  e n t i r e  o r d i n a r i l y  c o n s i d e r e d  b o n d ,  we h a v e  U l < U w.  

F o r  m o s t  of the  i n t e r e s t i n g  n o n d e t a c h e d  f lows  we h a v e  d U / d y  > 0 o v e r  the  e n t i r e  b o u n d a r y - l a y e r  f low.  

T h e r e f o r e ,  t he  R e y n o l d s  s t r e s s  s h o u l d  d e c r e a s e  f r o m  the  a c t i o n  of the  e l a s t i c  b o u n d a r y  i f  K u > 0 and  
Kv > 0, w h i l e  i t  s h o u l d  i n c r e a s e  i f  Ku < 0 and  K v < 0. F r o m  the  s o l u t i o n  (9) i t  fo l lows  tha t  ~?l z 5. F o r  
c o n v e n i e n c e  in  c a l c u l a t i o n  we s e t  ~?l = 3 ~ / 2 .  F i g u r e s  1 and  2 p r e s e n t  the  r e s u l t s  of c a l c u l a t i o n  of the  d e -  
p e n d e n c e  of the  c o e f f i c i e n t s  K u a n d  K v on ~7 fo r  s o m e  v a l u e s  of  the  p h a s e - s h i f t  a n g l e .  

A n  a n a l y s i s  of Eq.  (14) s h o ws  tha t  the  t e r m  wi th  K u w~ll g ive  an  i n c r e a s e  i n  the  R e y n o l d s  s t r e s s  o v e r  
p r a c t i c a l l y  the  e n t i r e  r a n g e  of ~? fo r  0 < 135 ~ F o r  0 > 135 ~ i n  t he  r a n g e  of s m a l l  ~? we h a v e  K u > 0; h o w -  
e v e r ,  t h i s  t e r m  g i v e s  a d e c r e a s e  of the  R e y n o l d s  s t r e s s  i n  the  s u b l a y e r  i n  the  i n t e g r a l  s e n s e  ( (K u ) > 0) 
o n l y  fo r  0 > 173 ~ T h e  q u a n t i t y  K u a t t a i n s  i t s  m a x i m u m  a b s o l u t e  v a l u e  fo r  0 = 90 ~ 

A n  a n a l y s i s  of Eq .  (15) shows  tha t  the  t e r m  wi th  K v e n s u r e s  a d e c r e a s e  in  the  R e y n o l d s  s t r e s s  o v e r  
the  e n t i r e  r a n g e  of ~? fo r  7 ~ < 0 < 142 ~ w h e r e  the  m a x i m u m  e f f i c i e n c y  is  a t t a i n e d  a l so  at  0 = 90 ~ In  the 
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integral sense this t e rm ensures  a decrease  in the Reynolds s t ress  
over the entire range of phase-shif t  angles for a passive coating 
(<Kv> > 0). 

It is c lear  that since the contribution of the t e rms  with K u and 
with K v are opposite, the attainment of a positive efficiency of action 
of the elast ic  coating on the turbulent fr ict ion is possible only in c e r -  
tain cases  when definite conditions are satisfied. For  a scheme of 
coating with strong damping it is important  to show the neces sa ry  de-  
pendence of the phase-shif t  angle on frequency.  

The optimal dependence can be determined,  evidently, f rom the 
condition of maximum decrease  of Reynolds s t r e s se s  over the entire 
sublayer .  

If l is the thickness of the sublayer ,  then their  mean change in it (if we set C e = C) is 

l 
t ~ <-- uv> - -  <-- UV>e " ~pVds 

T o -~Fd~ d~ = ~ c 
o 

(16) 

Here v d is the dynamic velocity, 

G = \ ~d ~ ] L\ ~d - ~ <K.> + ,~-- k-~2, \ ~ ]  2 (17) 

Investigating Eq. (16) at the ext remum, we can determine the optimal frequency charac te r i s t i c .  How- 
ever ,  such a calculation would be too inaccurate ,  since at the present  t ime we do not have exact information 
on a number  of the pa ramete r s  that appear in (17). Thus, the effect of 0 can be ve ry  substantial because the 
t e rm with (Kv> is direct ly  proportional to (1 +tan20); however,  information about the frequency dependence 
in the sublayer  of the angle of skewness of pulsations, unfortunately, is not yet available. We also need 
exact information on the frequency dependence of the velocity of t ranspor t  of turbulence.  

Accuracy  is required here because the function G proves to be a comparat ively  small  difference be-  
tween two large t e rms  containing the factors  (Ku) and (Kv>. 

The problem of the interaction of an elast ic boundary with a viscous sublayer is solved within the 
f ramework of s t rong l imitations;  therefore ,  it is important  to compare  the resul ts  of the approximate ca l -  
culation with the experimental  data. It is t rue that there are not enough data in this area .  Only Blick and 
co-workers  [3] succeeded in measur ing  the charac te r i s t i cs  of turbulence in a sublayer  near  an elast ic  
boundary.  They give data on the change, under the action of an elast ic  coating, of the spect ra l  density of 
energy as a function of frequency for the dimensionless ordinate y / 6  = 0.0033, which cor responds  to y+ = 
9.8(y+ = Vdy/~). These data are  denoted by c i rc les  in Fig. 3. It is useful to compare  these data with the r e -  
sults of calculation of the change of Reynolds s t r e s ses ,  since the la t ter  are  evidently proport ional  to the 
kinetic energy of turbulence.  Figure 3 presents  for compar ison the resul ts  of calculation of the relative 
change of Reynolds s t r e s se s  

<-- uv> ~ < - -  uv> e 100% 
<--uv> 

under the action of an elast ic  boundary, satisfied for y+ = 9.8, U w = 0.8Uoo, 0 = 45 ~ The case in which 
C e = C is denoted by the dashed line. Since the work cited above also presents  data for the change in spec-  
t ra l  energy density in the turbulent core ,  we can calculate C e ,  For  the calculation we use the data of Fig. 
20 f rom [3] for y / 6  = 0.8. Taking these data into account, we obtain resul ts  represented  in Fig.  3 by the 
solid curve .  

F r o m  a considerat ion of Fig. 3 we can note a definite qualitative s imi lar i ty  between the calculation r e -  
sults and the experimental  data. 
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The quantitative d ivergence is not that  surpr i s ing .  It is evident that the convective t e r m s  in equations 
(1) were  neglected.  There  are  other impor tant  possible  r easons ,  such as: ignorance of the law of var ia t ion 
with f requency of the skewedness  of the flow, and of the t r a n s p o r t  velocity.  Never the less ,  the qualitative 
s imi l a r i ty  between the p ic tu res  obtained convinces us of the usefulness  of the p resen t  considera t ion as a 
f i r s t  step toward explaining the physics  Of the effect  of the e las t ic  boundary on f r ic t ional  drag.  

The authors thanks G. S. Migirenko for  advice and r e m a r k s  given during a d iscuss ion  of the work.  

10 

2. 
3. 

L I T  ER~ATU RE C I T E D  

J .  S ternberg ,  "A theory  for  the viscous  sublayer  of a turbulent flow," J .  Fluid Mech.,  13, No. 2, 241 
(1962). 
S. Timoshenko,  Vibrat ion P r o b l e m s  in Engineering,  3rd ed., Van Nostrand,  Pr ince ton  (1955). 
E. F .  Blick, R. R. Wai ters ,  R. Smith, and H. Chu, "Compliant  coating skin fr ic t ion exper imen t s , "  
AIAA Pape r ,  No. 69-165 {1969). 

397 


